We show that any toric Fano manifold of dimension at most seven with the positive second Chern character is isomorphic to the projective space by using a computer calculation.
Introduction
Smooth toric Fano varieties are very important objects in algebraic geometry, though the definition is very simple, that is, a smooth projective toric variety with ample anticanonical divisor. In particular, they were theoretically classified by Øbro [9] . As a next step, we introduce the following natural notion: Definition 1.1. Let X be a smooth projective toric d-fold. X is said to be ch 2 -positive if ch 2 (X)·S > 0 for any closed torus-invariant subsurface S ⊂ X, where ch 2 (X) = 1 2 (c 2 1 −2c 2 ) is the second Chern character of X.
However, at the moment, the only known examples of ch 2 -positive smooth projective toric varieties are projective spaces (see [8] , [13] , [14] and [16] ).
In this paper, we focus on the case of toric Fano manifolds. Nobili [8] and Sato [13] proved that any ch 2 -positive smooth toric Fano 4-fold is isomorphic to P 4 . So, we deal with the higher-dimensional cases, that is, smooth toric Fano d-folds for 5 ≤ d ≤ 7. As a result, similarly as the known results, we show that any ch 2 -positive smooth toric Fano d-fold is isomorphic to P d for 5 ≤ d ≤ 7. The calculation is done by using a computer program.
This paper is organized as follows: In Section 2, we review the calculation of the intersection number of ch 2 (X) and a torus-invariant subsurface S on X, when the Picard number of S is two. This method is essential for our algorithm. Section 3 is devoted to the calculations of the intersection numbers on so-called pseudo-symmetric toric Fano varieties V d and V d . Since we cannot apply our algorithm to V d , we need this calculation. In Section 4, we give the main result of this paper.
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Preliminary
In this section, we collect some basic facts of toric geometry which we need. For more precisely, see [3] , [5] , [6] , [7] , [10] and [12] .
Let X = X Σ be the smooth projective toric d-fold over an algebraically closed field k = k associated to a fan Σ in N :
where D x is the torus-invariant prime divisor corresponding to x ∈ G(Σ). For a smooth projective toric variety X and a torus-invariant subsurface S ⊂ X of Picard number one, it is well-known that the inequality ch 2 (X) · S > 0 always holds. On the other hand, the intersection number of ch 2 (X) and any torus-invariant subsurface of Picard number two can be easily calculated as follows: Let X = X Σ be a smooth projective toric d-fold, and S ⊂ X a torus-invariant subsurface of Picard number two. Let τ ∈ Σ be the (d − 2)-dimensional cone associated to S and τ ∩ G(Σ) = {x 1 , . . . , x d−2 }. There exist exactly four maximal cones τ + y 1 , y 3 , τ + y 2 , y 3 , τ + y 1 , y 4 and τ + y 2 , y 4 in Σ, where {y 1 , y 2 , y 3 , y 4 } ⊂ G(Σ). Let y 1 + y 2 + c 3 y 3 + a 1 x 1 + · · · + a d−2 x d−2 = 0 and y 3 + y 4 + c 1 y 1 + e 1 x 1 + · · · + e d−2 x d−2 = 0 be the wall relations corresponding to (d − 1)-dimensional cones τ + y 3 and τ + y 1 , respectively, where a 1 , . . . , a d−2 , c 1 , c 3 , e 1 , . . . , e d−2 ∈ Z. Then the following holds:
Pseudo-symmetric toric Fano manifolds
In this section, we show the non-positivity of ch 2 ( V d ) and ch 2 (V d ), where V d and V d are so-called pseudo-symmetric toric Fano varieties studied in [4] and [17] . This result is necessary for our main result in Section 4.
For d = 2n ∈ 2N, we define the d-dimensional smooth toric Fano varieties V d and V d as follows (for the precise description of these varieties, please see [2] ): Let {e 1 , . . . , e 2n } ⊂ N R be the standard basis, and put x 1 := e 1 , . . . , x 2n := e 2n , x 2n+1 := −(e 1 + · · · + e 2n ), y 1 := −e 1 , . . . , y 2n := −e 2n , y 2n+1 := e 1 + · · · + e 2n .
Then V d is the smooth toric Fano d-fold X Σ such that G( Σ) = {x 1 , . . . , x 2n+1 , y 1 , . . . , y 2n }, while V d is the smooth toric Fano d-fold X Σ such that G(Σ) = {x 1 , . . . , x 2n+1 , y 1 , . . . , y 2n+1 }. V 2 and V 2 are isomorphic to the del Pezzo surfaces of degree 7 and 6, respectively, which are not ch 2 -positive. Hence we may assume d ≥ 4.
For tell us that S τ ∼ = P 1 × P 1 , and ch 2 ( V d ) · S τ = 0 by Proposition 2.1. Therefore, V d is not ch 2 -positive.
For V d , there are no torus-invariant subsurfaces of Picard number two in V d . So, we cannot apply Proposition 2.1. In this case, we can show the non-positivity of ch 2 (V d ) by using the typical method of the calculation of intersection numbers: It is well-known that the maximal cones of Σ are
x i 1 , . . . , x in , y j 1 , . . . , y jn , where 1 ≤ i 1 < · · · < i n ≤ 2n, 1 ≤ j 1 < · · · < j n ≤ 2n and {i 1 , . . . , i n } ∩ {j 1 , . . . , j n } = ∅. Let S τ ⊂ V d be the torus-invariant subsurface associated to the (2n − 2)-dimensional cone τ := x 1 , . . . , x n−1 , y n , . . . , y 2n−2 .
There exist exactly six maximal cones τ + x 2n−1 , y 2n , τ + x 2n−1 , y 2n+1 , τ + y 2n−1 , x 2n , τ + y 2n−1 , x 2n+1 , τ + x 2n , y 2n+1 and τ + y 2n , x 2n+1 which contain τ . Namely, S τ is isomorphic to the del Pezzo surface S 6 of degree 6. For 1 ≤ i ≤ 2n + 1, let D i and E i be the torus-invariant prime divisors corresponding to x i and y i , respectively. Then, we have relations
On the other hand,
By symmetry, we have
Thus, we obtain the following: 
Main results
We developed a computer program to calculate the intersection number ch 2 (X)·S for any given smooth toric Fano variety X and every torus-invariant subsurface S ⊂ X of Picard number two by using Proposition 2.1. Fortunately, for any smooth toric Fano d-fold X of 5 ≤ d ≤ 7 and ρ(X) ≥ 2 except for V 6 , there exists a torus-invariant surface S ⊂ X such that ρ(S) = 2 and ch 2 (X) · S ≤ 0. By combining the results of this computer program with Theorem 3.1 and the lower-dimensional results, we obtain the following main result: Theorem 4.1. Let X be a smooth toric Fano d-fold. If X is ch 2 -positive and d ≤ 7, then X is isomorphic to the d-dimensional projective space P d .
The algorithm which determine all smooth toric Fano d-folds for any d ∈ N was completed by Øbro [9] . By using his algorithm, Øbro classified all smooth toric Fano d-folds for d ≤ 8. As for d = 9, the classification was done by an improved implementation of the algorithm by B. Lorentz and A. Paffenholz [11] . The data of smooth toric Fano varieties for dimensions 3 to 9 is given in polymake format on the web: https://polymake.org/polytopes/paffenholz/www/fano.html By using the software polymake (see [1] ), we get the data of G(Σ) and apply it to our computer program. The lists of our main results are available on the web: https://sites.google.com/a/fukuoka-u.ac.jp/satoric/toricfano_ch2 In the lists, we explicitly describe a surface S ⊂ X such that ch 2 (X) · S ≤ 0 for any smooth toric Fano d-fold X of 5 ≤ d ≤ 7 except for P 5 , P 6 , V 6 and P 7 .
